Vidocu.com - Chia sé tai liéu hoc tap mién phi

Tong hop chuyén dé Van dung cao: Gia tri I6n
nhat - Gia tri nhé nhat cua Ham sé

Chuyén dé nay tap trung vao cac dang toan tim Gia tri I6n nhat (GTLN - Max) va
Gid tri nhd nhat (GTNN - Min) & mic d6 van dung va van dung cao, thudng xuét
hién trong cac cau héi cudi ciia dé thi THPT Quéc Gia. Viéc nam viing céac

phuong phap dudi day sé gilp hoc sinh tu tin gidi quyét cac bai toan phuc tap.

I. Phuong phap Khao sat Ham so6 (Phuong phap don bién)

Pay la phuong phap nén tdng va manh nhéat, cé thé dp dung cho nhiéu dang
bai. Y tudng chinh 1 bién déi biéu thic ¢an tim GTLN/GTNN vé mét ham s6 cua
mot bién duy nhat, sau dé khdo sat ham s6 dé trén moét mién xac dinh.

1. Cac budc thuc hién

1. Budc 1: Tu diéu kién cla bai toan, rit moét bién theo bién con lai hoac dat an

phu dé dua biéu thirc P vé dang ham s6 mot bién, vi du P = f(t).

2. Budc 2: Tim mién gia tri (tap xac dinh) cda bién mdi t dua vao diéu kién ban

dau. Gid si t € [a; b].

3. Buéc 3: Tinh dao ham f'(t), gidi phuong trinh f'(t) = 0 dé€ tim céc diém cuc

tri.

4. Budc 4: Lap bang bién thién clia ham so f(t) trén mién [a; b].
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5. Budc 5: Dua vao bang bién thién, két luan GTLN, GTNN cua f(t), tU dé suy ra

GTLN, GTNN cua biéu thirc P.
2. Vi du minh hoa
Vi du 1:

Cho céac s6 thuc x, y thda man x2 + y2 = 2. Tim gia tri I6n nhat va gia tri nho

nhat cla bi€u thirc P = 2(x3 + y3) - 3xy.

Giai:

Ta c6: P = 2(x+y)(x? - xy + y?) - 3xy. Thay x? + y?> = 2 vao, ta dugc: P =
2(x+y)(2 - xy) - 3xy.

PDatt=x+y.Tacét? = (x+y)2 = x2 + y2'+ 2xy = 2 + 2xy, suy ra xy = (t2 -

2)/2.
Do (x+y)? = 2(x2+y?) nént2=2(2) =4 e-2=<t=2 Vayte|[-2; 2]
Thay t va xy theo t vao P:

P = 2t(2 - (t2-2)/2) - 3(t2-2)/2 = 2t((6-t?)/2) - (3t2-6)/2 = 6t - t3 - (3t?/2) +

3.
Xét ham so f(t) = -t3 - (3/2)t2 + 6t + 3 trén doan [-2; 2].

Ta c6 f'(t) = -3t2 - 3t + 6. Cho f'(t)

0 -3(t2+t-2)=0st =1 (nhan)

Tinh cac gia tri:

o f(-2) = -(-2)3-(3/2)(-2)?+6(-2) +3=8-6-12 + 3 =-7
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e f(l)=-1-3/2+6+3=13/2

e f(2)=-8-6+12+3=1

Vay Max P = 13/2 khit = 1 (vi du x=1, y=0 hoac x=0, y=1 va cac hodan vi
thda man). Min P = -7 khit=-2 (vidux =y = -1).

Il. Phuong phap st dung Bat dang thuc

Phuong phép nay doi héi ky nang bi€n déi va nhan dang céc bat dang thuc
quen thudc. Cac bat dang thic thuong dung la AM-GM (Cé-si), Cauchy-Schwarz

(Bunyakovsky),...

1. Bat dang thic AM-GM (Co6-si)

Cong thuc:

e V&i hai s6 khong am a, b: a + b = 2v(ab). Dau "=" xdy ra khi a = b.

e VGi n s6 khong am as, az, ..., an: (@1 + ... + an)/n = "V(a1...an). Dau "=" xay

ra khiai=az=... = an.

Ung dung: Thudng dung khi cac bién khéng &m va cé méi lién hé gilta téng va
tich.
Vi du:

Cho X, y, z la cac s6 thuc duong thda man x + y + z = 3. Tim giad tri nhé nhat

cUa bi€u thic P = x2 + y2 + 22 + Xy + yz + 2zX.
Giai:

TacOP =x2+y2+ 22+ xy + yz + zx = (X+y+2)?/2 + (x3+y?+22)/2.
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Do x+y+z =3 nén P = 9/2 + (x2+y2+22)/2.

D& tim Min P, ta can tim Min cla (x2 + y2 + z2). Ap dung bat dang thic quen

thubc (suy ra tu AM-GM hoac Cauchy-Schwarz):

(X+y+2)? = 3(x%2+y2+22)

o 32 = 3(X2+Yy?+2?) © 9 = 3(X2+y2+22) & x?+y2+2z2 = 3.

Dau "=" xdy ra khi x =y = z. Két hop véi x+y+z=3,tacéx =y =2z = 1.

Do dé, Min(x2+y?+z2) = 3. Suy ra Min P = 9/2 + 3/2 = 6. Giéa tri nay dat duogc

khix=y=2z=1.

2. Bat dang thic Cauchy-Schwarz (Bunyakovsky)

Cong thuc:

e Dang co ban: Vdi hai b s6 (a, b) va (x, y), ta c6 (a2 + b2)(x? + y?) = (ax +
by)2. Dau "=" x3y ra khi a/x = bly.

e Dang téng quat (cho 2 b6 n s6): (Tai2)(Zbi?) = (Taibi)2.

Ung dung: Hiéu qud khi biéu thic can tim min/max cé dang téng cac binh

phuong va diéukién la mot biéu thirc tuyén tinh.

Vi du:

Cho cac so thuc x, y théda man 3x + 4y = 5. Tim gia tri nhd nhat cta bi€u thic

P=x%+Yy2

Giai:

Ap dung BDT Cauchy-Schwarz cho hai bd s6 (3, 4) va (X, y):
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(32 + 42)(x2 + y?) = (3x + 4y)?
& 25(x2 + y?) = 52

< 25P = 25

o P=1.

Vay Min P = 1. Dau "=" xay ra khi x/3 = y/4. K&t hgp véi 3x + 4y = 5, ta gidi

hé va dugc x = 3/5, y = 4/5.

I1l. Phuong phap Hinh hoc héa

Phuong phap nay chuyén mot bai todn dai s6 sang ngdn nglt hinh hoc. Biéu
thdc can téi uu dugc xem nhu dd dai doan thang, téng/hiéu cac dd dai, dién
tich, ... Diéu kién cua bai todn dugc chuyén thanh quy tich cia mot diém.

1. Co sé phuong phap

e Bi€u thirc V((x-Xo0)2 + (y-Yo)?2) la khoang cach gilra hai di€m M(x, y) va A(xo,

yo) trong mat phang Oxy.

e Phuong trinh ax + by + ¢ = 0 |a phuong trinh ciia mét dudng thang.

e Phuong trinh (x-a)? + (y-b)? = R2? la phuong trinh cia mot dudng tron tam
I(a, b), ban kinh R.

2. Vi du minh hoa

Vi du:

Trong mat phang Oxy, cho hai diém A(1, 2) va B(4, 1). Tim diém M trén truc Ox

sao cho téng khodng cach MA + MB la nho nhat.
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Giai:
Goi M(x, 0) la mot diém bat ky trén truc Ox.

Ta can tim gia tri nhd nhat cia P = MA + MB = V((x-1)2 + (0-2)2?) + V((x-4)>2

+ (0-1)3).
Day la bai toan dai s6 khéa phtc tap. Ta sé hinh hoc hda né.

Nhan thay A(1, 2) va B(4, 1) nam cung moét phia so véi truc Ox (vi tung dé déu

duong).

P& tim min(MA + MB), ta lay diém A' d6i xing véi A qua truc Ox. Toa do clia A'

la (1, -2).

Khi d6, véi moi di€ém M trén Ox, ta lubn cé MA = MA'.

Suy ra MA + MB = MA' + MB.

Theo bat dang thdc tam gidc trong tam gidc A'MB, ta c6 MA' + MB = A'B.

D&u "=" xay ra khi M, A", B thang hang, tic |a M la giao diém cta dudng thang

A'B va truc Ox.
Vay, gié tri nhd nhat ctia MA + MB chinh la d6 dai doan thang A'B.

Min(MA 4+ MB) = A'B = V((4-1)2 + (1-(-2))?) = V(32 + 32) = 3V2.

IV. Bai toan Max - Min chita tham sd m

Day la dang bai todn ngugc. Thay vi tim GTLN/GTNN, ta dugc cho mot diéu kién

vé GTLN/GTNN va yéu cau tim tham sé m.

Vidocu.com - Chia sé tai liéu hoc tdp mién phi Trang 6/10



1. Phuong phap chung

1. Tim GTLN, GTNN cta ham soé trén doan/khodng da cho. Céac gia tri nay

thuong sé phu thudc vao tham s6 m.

2. SU dung diéu kién cla bai todn (vidu: maxy =5, hoacminy + 2 maxy =

10...) d€ 1ap moét phuong trinh hoac bat phuong trinh véi an la m.
3. Gidi phuong trinh/bat phuong trinh dé dé tim cac gia tri ciia m.
2. Vi du minh hoa
Vi du:

Tim tat ca cac gia tri ca tham sé m dé€ gia tri I6n nhat cla ham sé y = |x3 - 3x

+ m| trén doan [0, 2] bang 3.

Giai:

Xét ham so f(x) = x3 - 3x + m trén doan [0, 21].

f'(x) = 3x2-3. Cho f'(x) =0 & x = 1 (thuoc [0, 2]) hoac x = -1 (loai).
Ta cé:

e f(0) =m

ef(l)=1-3+m=m-2

e f(2)=8-6+m=m+ 2

Trén doan [0, 2], ta co:

e min f(x) =f(1) =m-2

emax f(x) =f(2) =m + 2
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Gia tri 16n nhat cda ham sé y = |f(x)| trén [0, 2] sé la max{|min f(x)|, |max

f(x)[}.

Vay, max y = max{|m-2|, [m+2|}.

Theo dé bai, max y = 3, nén ta cé max{|m-2|, [m+2|} = 3.
Diéu nay tuong duong vdi hé:

e IMm-2| =3

e Mm+2| =3

e Hoac |[m-2| = 3 hoac |Im+2| = 3

Cach gidi don gian hon: max{|A|, |B|} = C cé nghia la mét trong hai gia tri tuyét

doi bang C, va gia tri con lai nhé hon hoac bang C.

Truong hop 1: |m+2| = 3 va [m-2| = 3

Im+2| =3 e m+2 =3 hoacm+2 =-3e m =1 hoacm = -5,
e VGim = 1: [1-2| = 1 = 3 (Thdéa man).

e VGim = -5:|-5-2| =7 > 3 (Loai).

Truong hop 2: m-2| =3 va |[m+2| =3

|[m-2| =3 e m-2 =3 hoacm-2 =-3em =5 hoacm = -1.

e V6im=5: |5+2| = 7 > 3 (Loai).

e VGim = -1: |-1+2| = 1 = 3 (Thda man).

Vay cacgidtrimcantimlam=1vam = -1,
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V. Bai toan thuc té

Céc bai todn nay yéu cau hoc sinh moé hinh hdéa tinh huéng thuc té bang cac

cong thic toan hoc, sau dé ap dung cac phuong phéap trén dé tim 1oi giai.

Vi du:

MOt ngudi nong dan c6 100m ludi va mudn rao mot khu dat hinh ch(r nhat ven

song dé trong rau (chi can rao 3 canh, canh ven séng khéng can rao). Hdi nguaoi

dé phai rao khu dat véi kich thudc nhu thé nao dé dién tich tréng rau la 16n

nhat?

Giai:

1. M6 hinh héa: Goi chiéu rong cta khu dat la x (m) (canh vuéng goc véi
song), va chiéu dai la y (m) (canh song song véi song). Diéu kién: x >0,y >

0.

2. Thiét 1ap ham sé:

o Tong chiéu dai ludi la chu vi 3 canh: 2x + y = 100.

o Dién tich khu dat: S = x *vy.

3. Pua vé ham mét bién: T’ 2x + y = 100, ta rdt ra y = 100 - 2x. Thay vao

S:S(x) = x(100 - 2x) = 100x - 2x2.

4. Tim mién xac dinh:

ox>0
oy>0100-2x>0e 2x 100 & x 50.

Vay ta can tim GTLN cla S(x) trén khoang (0, 50).
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5. Khao sat ham s6:Xét ham s6 S(x) = -2x2 + 100x trén (0, 50).Day la mot
parabol cé bé 16m quay xudng, dat gia tri I6n nhat tai dinh.

Hoanh do6 dinh: x = -b/(2a) = -100 / (2*(-2)) = 25.
Gia tri x = 25 thudc khoang (0, 50).

6. K&t luan:Dién tich I6n nhat dat dugc khi x = 25m.Khi dd, y = 100 - 2(25) =

50m.Dién tich 16n nhat la S_max = 25 * 50 = 1250 m2.

Vay, dé dién tich 16n nhat, ngudi ndng dan can rao khu dat cé chiéu réng 25m

va chiéu dai 50m.
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