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Toéng quan vé ithg dung tich phan tinh thé tich khoi tron
xoay

Trong chuong trinh Gidi tich I6p 12, mét trong nhitng &ng dung quan trong cua
tich phan la tinh thé tich cla vat thé, dac biét la khoi tron xoay. Khoi tron xoay
dugc tao thanh khi ta quay moét hinh phang quanh moét truc cé dinh. Bai viét
nay sé tap trung vao cac dang toan tinh thé tich khoéi tron xoay quanh truc Ox
cla nhiing hinh phang c6 cau tric phuc tap, thuong la gidi han baéi hai dudng

cong.

1. On tap kién thic co ban: Hinh phang giéi han béi mét duong cong
Truéc khi di vao céc dang phic tap, ching ta can nam viing céng thic co ban.
Cong thuc

Cho hinh phang (H) gié¢i han bdi do6 thitham s6 y = f(x) (lién tuc trén [a, b]), truc
Ox (y=0), va hai dudng thang x = a, x = b. Khi quay hinh (H) quanh truc Ox, ta

dugc mot khéi tron xoay c6 thé tich V dugc tinh béi coéng thic:

V=mn [P If(x)]? dx

Giadi thich

Cobng thtc nay duoc xay dung dua trén '‘phuong phép dia cat' (Disk Method). Ta
chia doan [a, b] thanh nhiéu doan con rat nhd. Trén moi doan con c6 dd dai dx,

ta xem f(x) nhu hang s6. Khi dé, phan hinh phang tuong rng sé tao ra mét hinh

tru (dia cat) rat mong c6 ban kinh day la R = [f(x)| va chiéu cao la dx. Thé tich
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cla dia cat nay 1a dV = nR%h = m[f(x)]%dx. L3y t6ng thé tich cua tat ca cac dia

cat nay bang phép toan tich phan, ta dugc cdng thic trén.
Vi du minh hoa

e Vi du 1: Tinh thé tich khéi tron xoay tao thanh khi quay hinh phang gidi han
béi d6 thi ham s6 y = x2, truc Ox, x = 0 va x = 2 quanh truc Ox.
e Giai:
Ap dung céng thic co ban, ta co:
V=n foz (x2)2 dx =1 foz x* dx
V = m[x?/5] |, = 1 (2°/5 - 0°/5) = 321/5 (dvtt).
e Vi du 2: Tinh thé tich khéi tron xoay tao thanh khi quay hinh phang gigi han
bdi d6 thi y = sin(x), truc Ox, x = 0 va x = m.quanh truc Ox.
e Giai:
Ap dung cbéng thuc, ta cé:
V=nm fo“ sin2(x) dx
S dung céng thic ha bac: sin?(x) = (1 - cos(2x))/2
V=n fo“ (1/2 - (cos(2x))/2) dx

V =1 [x/2 - (sin(2x))/4] |0" = [(1/2 - 0) - (0 - 0)] = m2/2 (dvtt).
2. Dang toan chinh: Hinh phang giéi han béi hai duong cong

Pay la dang todn phtc tap va phé bién nhat. Hinh phang dugc gidi han béi hai

do thi ham s6 y = f(x) va y = g(x).
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Cong thuc

Cho hinh phang (H) giéi han béi hai d6 thi ham s6 y = f(x) va 'y = g(x) (lién tuc
va cung dau trén [a, b], gia st f(x) = g(x) = 0), va hai dudngthangx =a, x=b
. Khi quay hinh (H) quanh truc Ox, ta dugc khoi tron xoay c6 thé tich V duogc tinh
badi cong thuc:

V = [ P |[f(x)12 - [9(x)1?] dx

Hodc néu da xac dinh f(x) la duong cong nam trén (xa truc Ox hon) va g(x) la
dudng cong nam dudi (gan truc Ox hon):

V=mn [P ([f(x)]? - [9(x)]?) dx

Giai thich

Cong thic nay dua trén 'phuong phap vong dém' (Washer Method). Thé tich
can tinh bang thé tich cta khoi tron xoay tao bdi duong cong 'ngoai' (y = f(x))
trir di thé tich cda khoi tron xoay tao bdi duong cong 'trong' (y = g(x)).

« Thé tich khéi 16n (tao bi f(x)): V, = 1t [_P [f(x)1? dx

e Thé tich khoi rong bén trong (tao bai g(x)): V, =T fab [9(x)]2 dx

e Thé tich can tim: V =V, -V, = fab ([f(x)1? - [g(x)]%) dx

Cac budc giai toan
1. Budc 1: Lap phuong trinh hoanh do giao diém f(x) = g(x) d€ tim cac can tich

phan a, b (néu dé bai chua cho).

2. Budc 2: Xac dinh trén doan [a, b], d6 thi nao nam trén (cé gia tri y 16n hon),

dé thi nao n&m dudi. Diéu nay quan trong dé dam bao [f(x)1? - [g(x)]? = 0.
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3. Budc 3: Ap dung céng thirc V = 1t fab ([f(x)12 - [g(x)]%) dx d& tinh thé tich.
Vi du minh hoa

e Vi du 1: Tinh thé tich khéi tron xoay tao thanh khi quay hinh phang gigi han
béi hai d6 thiy = x2 va y = vx quanh truc Ox.
e Giai:

Buéc 1: Tim cdn. Phuong trinh hoanh do giao diém: x2 = Vx (V6ix = 0) & x4
=x<:x(x3-1)=O.Tacéx=0hoécx= 1. Vay cantich phéanlaa=0,b =
1.

Budc 2: So sanh hai ham. Trén doan [0, 1], chon x = 1/4, ta c6 (1/4)% = 1/16
va v(1/4) = 1/2. Do 1/2 > 1/16 nén Vx = x2 trén [0, 1]. Vay f(x) = vVx va g(x)
= x2,

Buéc 3: Tinh tich phan.

V=n 101 [(VX)? - (x2)2] dx = T 101 (x - x¥)dx

V =m(x%2-x°/5] |} = m[(1/2- 1/5) -(0 - 0)] = m (3/10) = 3w/10 (dvtt).

e Vi du 2: Tinh thé tich khéi tron xoay tao thanh khi quay hinh phang gigi han
bdi paraboly = 2= x2 va duong thang y = 1 quanh truc Ox.

e Giai:
Buéc 1: Tim cdn. Phuong trinh hoanh d6 giao diém: 2 - 2=lexl=1lexs=
-lhoacx=1.Vaya=-1,b=1.
Budc 2: So sanh hai ham. Trén doan [-1, 1], chon x =0, ta co 2 - 02 =2 va y
=1.Do2>1nén2-x%=> 1.Véyf(x)=2-x2vég(x)= 1.
Buéc 3: Tinh tich phan.

V=n/ 1 1@2-x)%-1%1dx=n[ 1 (4-4x? + x*-1) dx
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V=r[f_11 (x4—4x2 + 3) dx
V= m[x>/5 - 4x3/3 + 3x] | ;*
V=n[(l/5-4/3+3)-(-1/5+4/3-3)]1=n[2(1/5-4/3+3)]=1mn[2((3-20+

45)/15 )] = 56m/15 (dvtt).
3. Cac luu y quan trong va l6i sai thuong gap
Viéc ap dung cong thidc doi khi khéng don gian va hoc sinh thugng mac phai
nhing 16i co ban. Dudi day la mét sé diém can luu .
L&i sai 1: Nham lan giira [f(x)12 - [g(x)12 va [f(x) - g(x)1%
Day la 16i sai nghiém trong va phé bién nhat. Cong thic ddng xuét phat tu viéc

trir thé tich, khong phai trir ham sé réi méi binh phuang.

Cong thic DPUNG Coéng thuc SAI

V=[P ([f(x)]? -

[9(x)1?) dx V=[P If(x) - g(x)]? dx
(Hiéu cua hai binh (Binh phuong cia moét hiéu)
phuong)

Y nghia: Lay thé tich kh&i Y nghia: Tinh thé tich cta khéi tron xoay tao bdi
|6n trir di thé tich khoi ham sé h(x) = f(x) - g(x). BDay la mot bai toan

nho. hoan toan khac.

Luu y 2: Truong hop phai chia mién tinh tich phan
Trong moét so truong hagp, vai tro cia duong cong 'trén' va 'dudi' cé thé thay daéi.

Khi dd, ta phai chia bai toan thanh nhiéu phan nhé.
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e Vi du: Tinh thé tich khéi tron xoay khi quay hinh phang gidi han bdiy = x, y

= 2 - x va truc Ox quanh truc Ox.

e Phan tich: Hai dudng thangy = x va y = 2 - x cat nhau tai diém x = 1.

o Trén doan [0, 1], hinh phang bi giGi han béi y = x va truc Ox.

o Trén doan [1, 2], hinh phang bi giGi han béi y = 2 - x va truc Ox.

e Gidi:

Ta phai tach thanh hai tich phan:

V= V1 + V2

V1 =T fol x2 dx = [x3/3] |01 = /3

V, =m /% (2-x%dx=-n[2-x373]]|,% =-n[0-1/3] =1/3
T6ng thé tich: V = /3 + /3 = 2n/3 (dvtt).

Luu y 3: Xac dinh can tich phan

Néu dé bai khéng cho san can x = a, x = b, thi can chinh la hoanh do giao diém
cla cac dudng cong gidi-han hinh phang. Ban phai giai phuong trinh dé tim

ching. Do6i khi, mot trong cac can co thé la giao diém véi truc tung (x=0).
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