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Tong hop kién thiac Bat dang thic Cauchy va Ung
dung

Bat dang thic Cauchy, con dugc biét dén véi tén goi bat dang thic gilra trung
binh cdng va trung binh nhan (AM-GM), la mét trong nhirng c6ng cu manh mé
va nén tang nhat trong chuong trinh todn phé thong, dac biét la trong cac bai
todn chirng minh bat dang thic va tim gia tri 16n nhat (GTLN), gid tri nhd nhat

(GTNN).
1. Pinh nghia va cdc dang co ban cta Bat dang thic
Cauchy (AM-GM)

Bat dang thirc nay phat biéu rang trung binh céng clia mét day sé khéng am
luén 16n hon hodc bang trung binh nhan cta ching.

a. Bat dang thuc Cauchy cho 2 sé6 khéng am

e Cong thuc: V4i hai s khong am a, b, ta ludn cé: (a + b) / 2 = V(ab) hoac a

+ b = 2V(ab).

e Giai thich: Téng cla hai s6 khéng am luén I6n hon hoac bang hai Ian can

bac hai cuia tich cua chung.
e Dau "=" xay ra khi va chi khi: a = b.
Vi du minh hoa:
1. Vi du 1: Cho s6 thuc duong x. Tim gia tri nhd nhat cda bi€u thic P = x + 9/x.
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b.

Giai:

Ap dung bat dang thitc Cauchy cho hai sé duang x va 9/x, ta cé:
P=x+4+9/x=2V(x*9/x) = 2Vv9 = 6.

Dau "="xdyrakhix=9/x e x2=9 & x =3 (vix > 0).

Vay gia tri nhd nhat cta P la 6, dat dugc khi x = 3.

. Vi du 2: Cho a, b la cac s6 duong. Chitng minh rang (a + b)(1/a + 1/b) = 4.

Giai:

Ap dung BDT Cauchy cho hai cap sé duong:

-a + b= 2v(ab)

-1/a + 1/b = 2V(1/(ab))

Nhén vé& theo vé& hai bat dang thic trén (vi ca hai v& déu duong), ta duoc:
(@ + b)(1/a + 1/b) = 2V(ab) * 2V(1/(ab)) = 4.

Dau "=" xay ra khi a = b.

Vay bat dang thirc da dugc chléing minh.

Bat dang thic Cauchy cho 3 s6 khéng am

e Cong thuc: Vi ba s6 khobngama, b, c,taluéncé:(a+ b +c)/3 =

3V(abc) hodaca + b + ¢ = 33V (abc).

e Giai thich: Téng cla ba s6 khong am ludn 16n hon hoac bang ba 1an can bac

ba cua tich cua chung.

e Dau "=" xay ra khi va chi khi: a = b = c.

Vidocu.com - Chia sé tai liéu hoc tdp mién phi Trang 2/8



Vi du minh hoa:

1. Vi du 1: Cho céc s6 duong x, y, z théa man xyz = 27. Tim gia tri nhd nhat
cla biéuthtcS=x+vy + z
Giai:
Ap dung bat dang thidc Cauchy cho ba sé duong x, vy, z, ta cé:
S=Xx+Yy+z=33(xyz) =3327=3*3=09,
Dau "=" xay ra khi x =y = z. K&t hop vGi xyz = 27, ta cé x3 = 27 & x = 3,
Vay gia tri nhd nhat cia S 1a 9, dat dugc khix =y =z = 3.

2. Vi du 2: Chitng minh rang a3 + b3 + ¢3 = 3abc véimoi a, b, c khong am.
Giai:
DAy 1& mét hé qua truc tiép. Ap dung BPT Cauchy cho 3 s6 a3, b3, c3:
a3 + b3 + c3 = 33V(a3b3c3) = 3abc.
Dau"="xdyrakhia3=b*=c3ea=b=c.

Pay la mot bat dang thic rat quen thudc va hitu ich.

c. Bat dang thuc Cauchy cho n s6 khéng &m (Dang tong quat)

e Cong thuc: Vi n s6 khong am a1, az, ..., an, tacé: (@1 + az+ ... +an) /n =

"\/(a1az...an).
e Giai thich: Day la dang md réng cho n s6 bat ky.

e Dau "=" xay ra khi va chi khi: a1 = a2 = ... = an.

2. Cac hé qua va bién thé quan trong

TU bat dang thic Cauchy, ta cé thé suy ra nhiéu hé qua hitu ich gilp giai toén
nhanh hon.
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Phat biéu

Néu cac s6 duong c6 t6ng S  Tim gia tri I6n nhat clia mot tich khi

Tong
khong déi, thi tich P cla biét tong. Vi du: Tim hinh chit nhat
khong
chldng dat gié tri I6n nhat c6 chu vi khong dGi nhung dién tich
doi
khi cac s6 dé bang nhau. I6n nhat (dé la hinh vudng).
Néu céc s6 duong co tich P
Tich Tim gia tri nhé nhat ctia moét téng
khong déi, thi téng S cla
khéng khi biét tich. Vi du: Tim GTNN cula x
ching dat gié tri nhd nhat
doi + y khi xy = k (hang s6).

khi cac s6 d6 bang nhau.

Hé qua dang binh phuong
e COng thuc:x2 + y2 = 2xy.

e Giai thich: Day la truong hop dac biét cia BDT Cauchy cho hai so x2 va y?2.

N6 cling tuong duong vai (x - y)? = 0, ludén dudng.

e Vi du: Chirng minh rang a2 + b2 + ¢2 = ab + bc + ca.
Giai:
Ap dung hé qua trén, ta cé:
az + b% = 2ab
b2 + c?2 = 2bc
Cc? + a? = 2ca
Cong V& theo vé& ba bat dang thiec, ta dugc: 2(a2 + b2 + ¢2) = 2(ab + bc +

ca).
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Chia cd hai vé cho 2, ta dugc diéu phai chiing minh. Dau "=" xdy ra khia =b

= C.

3. Ky thuat ap dung BDT Cauchy tim Gia tri nhé nhat

Pé& tim GTNN cla mo6t biéu thidc, muc tiéu la bién déi dé bi€u thic dé 16n hon
hodc bang moét hang s6. Piéu quan trong nhat la phai kiém tra xem dau "=" cé

thé xay ra hay khoéng.
a. Ky thuat danh gia truc tiép

Day la phuong phdp don gidn nhat, ap dung truc ti€p cong thitc Cauchy vao cac
s6 hang cla biéu thic khi ching cé dang phu hgp (thuong la cac s6 hang cé

tich 1a hang s6).

e Vi du: Cho x > 0, tim GTNN cua A = 4x + 1/x.
Giai:
Ap dung BDT Cauchy cho hai s6 duong 4x va 1/x:
A=4x + 1/x = 2V(4x * 1/x) = 2V4 = 4,
Dau "=" xady ra khid4x = 1/x e 4x2 =1 e x2 = 1/4 & x = 1/2 (do x > 0).

Vay GTNN cua A la 4, dat dugc khi x = 1/2.

b. Ky thuéat "chon di€m roi" (Du doan dau bang)

Pay la ky thuat quan trong nhat khi diéu kién cta bién khong cho phép dau "="
xady ra & dang ap dung truc ti€p. Ta can tdch mot sé hang thanh téng nhiéu s6
hang sao cho khi d4p dung Cauchy, cac s6 hang dé bang nhau tai "diém roi" du

doan.
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e Nguyén tac: Ta du doan gié tri cia bién dé biéu thdc dat GTNN (dua vao
diéu kién bién). Sau do, ta tach céc s6 hang sao cho tai gia tri du doan dé,

cac s6 hang tham gia vao BDT Cauchy phai bang nhau.

e Vi du: Cho x = 3. Tim GTNN cua biéu thitc B = x + 1/x.
Phén tich sai lam: Néu ap dung truc ti€p x + 1/x = 2V(x * 1/x) = 2, dau "="
xay ra khi x = 1/x & x = 1. Nhung diéu kién la x = 3, nén x khong thé bang 1.

Cach lam nay sai.

Phén tich dung (Chon diém roi):

Ta du dodn GTNN dat dugc tai diém bién, tic la x = 3. Tai day, x = 1/x. Ta
can tadch x dé€ mot phan cta né bang 1/x khi x =3.

Gid sir ta tdch x = ax + (1-a)x. Ta sé ap dung Cauchy cho ax va 1/x. Dau "="
xay ra khi ax = 1/x. Thay x = 3 vao,tacé a*3 =1/3 o a = 1/9.

Vay ta sé tach x = x/9 + 8x/9.

Giai:

TacdB=x+ 1/x = (x/9 + 1/x) + 8x/9.

Ap dung BDT Cauchy cho hai sé duong x/9 va 1/x:

X/9 + 1/x = 2¥/(x/9 * 1/x) = 2V(1/9) = 2/3.

Vi x = 3 nén 8x/9 = 8*%3/9 = 24/9 = 8/3.

Suyra, B = 2/3 + 8/3 = 10/3.
Dau'"="xdyrakhi { x/9=1/xvax=3}}e {x2=9vax=3}ex =3,

Vay GTNN cua B la 10/3, dat dugc khi x = 3.
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c. Ky thuat thém bét hang tu

Ky thuat nay thuong di kém véi ky thuat chon diém roi, nham tao ra céc biéu

thirc cé thé kh(r dugc bién so sau khi dp dung Cauchy.

e Vi du: Cho x > 2. Tim GTNN cUa biéu thirc C = x + 1/(x-2).
Phén tich: Bi€u thirc c6 x va x-2 khéng dong dang. Ta can tao ra hang t& (x-
2) dé &p dung Cauchy véi 1/(x-2).
Giai:
Ta thém va bét 2 vao biéu thic:
C=(x-2)+ 1/(x-2) + 2.
Vi x > 2 nén x - 2 > 0. Ap dung BBT Cauchy cho hai sé duong (x-2) va 1/(x-
2):
(X -2) + 1/(x-2) = 2V((x-2) * 1/(x-2)) = 2.
Do do, C=2 + 2 =4.
Dau "="xayrakhix-2=1/(x2) e (x-2)2=1ex-2=1(vix-2>0)eXx =
3.
Gia tri x = 3 théa man diéu kién x > 2.

Vay GTNN cua C la 4, dat dugc khi x = 3.

4. Nhirng sai lam thuong gap khi st dung BDT Cauchy
1. Ap dung cho sé am: Bat dang thic Cauchy chi ding cho céc s6 thuc
khéng am. Viéc ap dung cho cac s6 c6 thé am sé dan dén két qua sai.

2. Quén kiém tra diéu kién xay ra dau "=": M6t bai todn tim GTNN/GTLN

chi hoan chinh khi ban chi ra dugc gié tri cla bién dé€ dau "=" xay ra. Néu
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dau "=" khoéng thé xay ra (vi du, gia tri tim dugc khéng thudc tap xac dinh),

két qua dé khong phai la GTNN/GTLN.

. Dau "=" xay ra khéng déng thai: Khi 4p dung nhiéu bat dang thuc
Cauchy trong mét bai toadn, phai ddm bdo rang tat ca cac dau "=" xay ra vdi
cung mot diéu kién cla bién. Néu khong, két luan sé sai.

Vi du sai: Tim GTNN cla D = x2 + 1/x2 vGi x # 0.

Cé ban lam: x2 = 0, 1/x?> > 0. GTNN cua x2 la 0 khi x=0. GTNN cua 1/x2 khong
c6. Cach nay sai.

Lai cé ban lam: x2 + 1/x2 = 2V(x2 * 1/x2) = 2. Dau bang xay ra khi x2=1/x2 =>

x*=1 => x=1 hoac x=-1. Bay la cach lam dung.
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