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Tong hop kién thic: Khoang cach tid mét di€ém
dén mot mat phang

Trong hinh hoc khdng gian, viéc xac dinh khodng céach gilra cac doi tugng la
mot trong nhitng dang todn nén tang va quan trong. Chuyén dé nay sé tong
hop toan bd kién thic ly thuyét va cdc phuong phap tinh khodng cach ti mét
diém dén mot mat phang mét céch chi tiét va dé hiéu nhat.

1. Dinh nghia va Ky hiéu

1.1. Binh nghia

Khodng céch tir diém M dén mat phang (P) la dé dai doan thang vudng géc MH

ké tir M dén mat phang (P), trong dé H la hinh chi€u vuéng gbc cta M 1én (P).
1.2. Ky hiéu

Khodng céch tir diém M dén mat phang (P) dugc ky hiéu la d(M, (P)).

Nhu vay, d(M, (P)) = MH, véi H |a hinh chi€u ctia M |én (P).

Vi du minh hoa: Trong mot can phong, khoang cach tir mét bong den (diEm M)
trén tran nha dén san nha (mat phang (P)) chinh la d6 dai cla soi day doi tha tur

béng den vudng gbéc xudng san nha.
2. Cac tinh chat co ban

e VGi moi di€m M va mat phang (P), ta luén c6 d(M, (P)) = 0.
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e d(M, (P)) =0« M € (P).

e Néu dudng thang A song song véi mat phang (P), thi khodng cach tir moi
diém M thudc A dén (P) la bang nhau. Khi dé, ta goi dé la khodng céch gilra

dudng thang A va mat phang (P). Ky hiéu: d(4A, (P)).

e Néu hai mat phang (P) va (Q) song song vdéi nhau, thi khoang cach tirmoi
diém M thudc (P) dén (Q) la bang nhau. Khi do, ta goi dé la khoang cach gilra

hai mat phang song song (P) va (Q). Ky hiéu: d((P), (Q)).
3. Cac phuong phdp xac dinh khodng cach tu diém dén
mat phang
Day la phan quan trong nhat, bao gobm cac ky thuat va phuong phap dé giai
quyét bai toan tinh khodng cach.
3.1. Phuong phap 1: Dung hinh chiéu vuéng goc (Phuong phap truc
tiép)
Pay la phuong phap co ban nhat, dua truc ti€p vao dinh nghia. P& tim khoang

cach tir di€ém M dén mat phang (P), ta can tim hinh chi€u vudéng géc H ctia M 1én

(P).

Cac buoc thuc hién:

1. Tim moét mat phang phu (Q) chta M va vudng gdéc véi mat phang (P).

2. Xac dinh giao tuyén A cua (P) va (Q).

3. Trong mat phang (Q), ké dudng thang MH vudng gdéc vdi giao tuyén A tai H.

4. Khi d6, MH chinh la khodng cach tu M dén (P). Tuc la d(M, (P)) = MH.
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Vi du 1: Cho hinh chép S.ABCD c6 day ABCD la hinh vuéng canh a, SA vubéng
gbéc vGi mat phang ddy (ABCD) va SA = av2. Tinh khoang cach tir diém A dén

mat phang (SBC).
Giai:

e Ta c6 SA L (ABCD) nén SA 1 BC.

Lai c6 ABCD la hinh vudng nén AB L BC.

TU hai diéu trén, suy ra BC L (SAB).

Do BC < (SBC), nén (SAB) L (SBQ).

Giao tuyén cua (SAB) va (SBC) la SB.

e Trong mat phang (SAB), ké AH L SB tai H.

e Vi (SAB) L (SBC) va AH < (SAB), AH 1. SB nén AH L (SBC).
e Vay d(A, (SBC)) = AH.

e Xét tam giac vudng SAB tai A, ta c6: 1/AH? = 1/SA% + 1/AB2 = 1/(aVv2)? +

1/a2 = 1/(2a?) + 1/a% = 3/(2a3).
e Suy ra AH?2 = 2a?/3 = AH = aVv6/3.

e Vay d(A,(SBC)) = av6/3.

Vi du 2: Cho hinh chép S.ABCD cé day la hinh vudng canh a, SA 1L (ABCD), SA

= 2a. Tinh khoadng cach tir A dén mat phang (SBD).
Gidi:

e Goi O la giao diém cta AC va BD. Trong mat phang (ABCD), ta c6 AC L BD.
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e Ké AK L BD tai K (K trung O).

e Trong mat phang (SAC), ké AH L SO tai H.

e Ta co: BD L AC va BD L SA (vi SA L (ABCD)). Suy ra BD L (SAC).

e Do AH c (SAC) nén BD L AH.

e Taco AH L SO va AH L BD, suy ra AH 1L (SBD).

o Vay d(A, (SBD)) = AH.

e Trong tam gidc vudéng SAO tai A (O la tam hinh vuéng), AO = AC/2 = aVv2/2.

e Ap dung hé thic lugng trong tam gidc vudng SAO: 1/AH?2 = 1/SA? + 1/A02 =

1/(2a)? + 1/((av2)/2)? = 1/(4a?) + 2/(a?) = 9/(4a?).
e Suy ra AH? = 4a%/9 = AH = 2a/3.

e Vay d(A, (SBD)) = 2a/3.

3.2. Phuong phap 2: St dung ti 1é khodang cach (Phuong phap doi di€m)

Phuong phap nay rat hituich khi viéc tinh khodng cach tir di€ém M dén (P) khé
khan, nhung cé thé tinh dé dang khoang cach t&r mét diém | khac (thuong la

chan dudng cao) dén (P).
Nguyén ly:

e Truong hop 1: Duong thang MI cat mat phang (P) tai diém O. Khi do, ta co ti
1&: d(M, (P)) / d(1, (P)) = MO/ IO.

e Truong hop 2: Duong thang Ml song song vGi mat phang (P). Khi dé: d(M,
(P)) = d(l, (P)).
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Vi du 1: Cho hinh chép S.ABCD cé day la hinh chir nhat, AB = a, AD = 2a, SA L
(ABCD) va SA = a. Goi M la trung diém cuta CD. Tinh khoang cach tir M dén mat
phang (SAB).

Giai:

e Vi M la trung diém CD, ta c6 AD // BC, CD // AB nén ADCM la hinh binh hanh.
Do dé, AM // BC.

e Ma BC < (SBC), nén AM // (SBC).

e Do d6, khodng cach tir M dén (SBC) bang khoadng céch tir A dén (SBC).

e d(M, (SBC)) = d(A, (SBC)).

e Ta tinh d(A, (SBC)). Theo vi du 1 ¢ phuong phap 1, ta ké AH L SB. Khoang

cach can tim la AH.
e Trong tam giac vuéng SAB: 1/AH? = 1/SA% + 1/AB? = 1/a? + 1/az = 2/a2.
e Suy ra AH = av2/2.
e Vay d(M, (SBC)) = av2/2.
Vi du 2: Cho hinh ch6p S.ABC c6 SA L (ABC), day ABC la tam giac déu canh a.

SA = aVv3. Goi G la trong tam tam giadc SBC. Tinh khoang céch tu G dén mat
phang (ABC).

Giai:

e Goi M la trung diém cla BC. Khi d6é SM la trung tuyén cla tam giadc SBC, va G

thudc SM.

e Ta c6 SG/SM = 2/3.
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e Dudng thang SG cat mat phang (ABC) tai M.

e Ap dung cong thuc ti I& khodng céch (trudng hop 1), ta cé: d(G, (ABC)) /

d(s, (ABC)) =GM/SM = 1/3.

e Khodng cach tir S dén (ABC) chinh la d6 dai dudng cao SA, vi SA L (ABC).

e d(S, (ABC)) = SA = aV3.

e Do dod, d(G, (ABC)) = (1/3) * d(S, (ABC)) = (1/3) * SA = aV3/3.

e Vay d(G, (ABC)) = av3/3.

3.3. Phuong phap 3: St dung céng thurc thé tich

Phuong phap nay dua trén maoi lién hé gilta thé tich khoi chép, dién tich day va

chiéu cao.

Cong thuc: Thé tich khoi chép S.ABC la V = (1/3) * S_day * h. Tu dé suy ra

chiéu cao h = 3V / S_day.

Néu ta can tinh khodng céch tUr di€ém S dén mat phang (ABC), thi h = d(S,

(ABC)). Vay:

d(S, (ABC)) = 3*V S.ABC /S _ABC

Cac budc thuc hién:

1. Xem diém can tinh khodng céch la dinh cla mét khéi chdp, va mat phang la
mat day.

2. Tinh thé tich cta khaoi chép dé bang mét cach khac (chon dinh va day khac
thuan loi hon).

3. Tinh dién tich clia mat ddy (mat phang can tinh khoang céch).
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4. Ap dung céng thic trén dé€ suy ra khoang cach.
Vi du: Cho hinh chép S.ABC c6 SA, SB, SC d6i mot vudng goc vai nhau va SA =
a, SB = b, SC = c. Tinh khoang céch tir S dén mat phang (ABC).
Giai:
e TacédSA 1L SBva SA L SC = SA L (SBC).

e Thé tich khoi chép S.ABC la: V_S.ABC = (1/6) * SA * SB * SC = abc/6.
(COng thic tinh nhanh cho t& dién vudng). Hodc co thé tinh V = (1/3) * SA *

S SBC = (1/3) *a * (1/2 * b * c) = abc/6.
e Bay gio ta can tinh dién tich tam gidc ABC.
e Trong tam gidc vuéng SAB: AB? = SA2 + SB2 = a2 + b2,
e Trong tam giac vuodng SAC: AC? = SA% + SC?2 = a2 + c?.

e Trong tam giac vuéng SBC: BC?2 = SB? + SC? = b2 + c2.

Dién tich tam gidc ABC cé thé tinh bang cong thic Heron, nhung & day ta cé
thé tinh dién tich hinh chi€u. Hodc ta cé cong thic tinh nhanh dién tich mat

huyén cla t@ dién vuéng: S ABC2 = S SAB2 + S SAC? + S SBC2,

S_SAB = ab/2, S_.SAC = ac/2, S_SBC = bc/2.

S _ABC? = (ab/2)? + (ac/2)? + (bc/2)? = (a2b? + a2c? + b2c?)/4.

S ABC = (1/2) * sqrt(azb? + a2c? + b2c?).

Khoang cach tr S dén (ABC) la h, ta c6: h =3 *V_S.ABC/S_ABC.

h = 3 * (abc/6) / [(1/2) * sgrt(azb? + a2c? + b2c?)] = (abc/2) / [(1/2) * sqrt(azb?

+ a2c? + b?c?)] = abc / sqrt(azb? + a3c? + b3c?).
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o K&t qua nay tuong duong véi hé thirc 1/h? = 1/SA? + 1/SB2 + 1/SC2.

3.4. Phuong phap 4: Su dung phuong phap toa do trong khéng gian
bay la phuong phdp manh, dac biét hiéu qua khi hinh vé phuic tap, khd xac dinh
chan duong cao. Phuong phap nay thuong duoc hoc ky & I6p 12 nhung cé thé
ap dung sém.
Cac budc thuc hién:
1. Chon mot hé truc toa d6 Oxyz thich hgp (thuong gan géc O vao moét dinh cé

cac canh déi mét vudéng géc).

2. Xac dinh toa d6 cla diém M(xo, Yo, Zo).
3. Viét phuong trinh téng quéat ctia mat phang (P): Ax + By + Cz + D = 0.
4. Ap dung céng thiac khodng céch.

Coéng thuc: Khoadng céch tir di€m M(xo, Yo, zo) d€n mat phang (P): Ax + By + Cz
+ D =0 la:

d(M, (P)) = |Axo + Byo + Czo + D| / sqrt(Az + B2 + C?)
Vi du: (Gidi laiVi du 2, Phuong phap 1) Cho hinh chép S.ABCD cé day la hinh
vuéng canh a, SA 1 (ABCD), SA = 2a. Tinh khoang cach tir A dén mat phang
(SBD).

Giai:

e Chon hé truc toa do Oxyz vdi goc A(O, 0, 0), tia Ax trung AD, tia Ay trung AB,

tia Az trung AS.
e Toa db cac diém: A(0, 0, 0), B(O, a, 0), D(a, 0, 0), S(0, 0, 2a).
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e Viét phuong trinh mat phang (SBD). Mat phang nay di qua 3 diém S, B, D.
e Vecto SB = (0, a, -2a), Vecto SD = (a, 0, -2a).

e Vecto phap tuyén cua (SBD) la n = [SB, SD] = (a*(-2a) - (-2a)*0, (-2a)*a -

0*(-2a), 0*0 - a*a) = (-2a2, -2a2?, -a?).

Ta cé thé chon vecto phap tuyén don gidn hon la n' = (2, 2, 1).

Phuong trinh mat phang (SBD) di qua S(0, 0, 2a) va c6 VTPT n'(2,2, 1) la:

2(x-0) + 2(y-0) + 1(z-2a) =0 2x+ 2y +z-2a=0.

Khoang céch tir diém A(0, 0, 0) dén mat phang (SBD) la:

d(A, (SBD)) = |2*0 + 2*0 + 0 - 2a| / sqrt(22 + 22 + 12) = |-2a| / sqrt(9) = 2a/3.

Vay d(A, (SBD)) = 2a/3. Két qua trung khép véi cach lam truc tiép.

4. Bang tong hop mét sé truong hop dac biét

Duéi day la bang tdm tat cach xac dinh nhanh khoang céch tir chan duong cao

dén mo6t mat bén trong cdc dang hinh chép quen thudc.
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Loai hinh

chép

Chép cb6 canh
bén vubdng

géc véi day

Chép déu

S.ABC

Choép c6 mat
bén vubng

gbc véi day

SA 1 (ABC)

D4y ABC la tam giac déu,
chan duong cao H trung vdéi
tdm ddy. Cac canh bén bang

nhau.

(SAB) L (ABCD) va SA L AB.

Cach xac dinh d(A, (SBC)) (A

la chan duong cao)

1. Tu A, ké AK L BC.

2. NGi S véi K.

3. Trong ASAK, ké AH L SK.
4. Khoang cach la d(A,

(SBC)) = AH.

1. Goi M la trung diém BC, H
la tam day.

2. TacO AM 1L BCvaSH L
(ABC).

3. Trong ASHM, ké HK L SM.
4. Khoang cach la d(H,

(SBC)) = HK.

1. Vi (SAB) L (ABCD) va SA L
AB (giao tuyén) nén SA L
(ABCD). Bai toan quay vé

dang 1.

Viéc nam viing cac dinh nghia, tinh chat va dac biét la cdc phuong phép tinh

todn sé giup hoc sinh gidi quyét tét cac bai todn vé khodng céach trong khong

gian, mot dang toan thuong xuat hién trong cac ky thi quan trong.
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