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Tong hop kién thic Pao ham Luong giac va Pao
ham cap hai

Tai liéu nay cung cap moét cdi nhin téng quan va chi tiét vé hai chd dé quan
trong trong chuong trinh Toan Iép 11: Dao ham cla cdc ham sé lugng giadc va
khai niém vé dao ham cép hai. Nam ving cac cbng thirc va phuang phap trong
chuyén dé nay la nén tdng dé gidi quyét cac bai todn phic tap hon vé khdo sat

ham so va cac ing dung cla dao ham.

1. Pao ham cua ham sé luong giac

Phan nay tép trung vao cac quy tac tinh dao ham cho bén ham sé lugng giac co
ban: sin, cos, tan, cot va cac ham hop cua ching.

1. Pao ham cua ham sé y = sin(x)

Cong thuc: (sin x)' = cos x

Giai thich: Dao ham cta ham so6 sin(x) la ham so6 cos(x). Diéu nay cé nghia la

tai moi diém trén dé thi ham s6 y = sin(x), téc d6 thay dGi cia ham s6 (tic la do

doc cua tiép tuyén) dugc cho béi gia tri cila ham s6 cos(x) tai diém do.
Vi du minh hoa:

e Vi du 1: Tinh dao ham clia ham sé y = 5sin(x).
Loi gidi: Ap dung quy tdc dao ham cta mdt hang s6 nhan véi mét ham sé

(k*f)' = k*f', ta co:
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y' = (5sin x)' = 5 * (sin x)' = 5cos x.
e Vi du 2: Tinh dao ham clla ham s6 y = x2 + sin(x).
Loi gidi: Ap dung quy tac dao ham cdia mét téng (u+v)' = u' + V', ta cé:
y' = (x2)' + (sin x)' = 2Xx + cos X.
2. Pao ham cua ham sé y = cos(x)
Cong thuc: (cos x)' = -sin x
Giai thich: Dao ham cla ham s6 cos(x) la ham sé -sin(x). Dau trir cho thay khi
ham cos(x) dang gidam (vi du trong khoang (0, m)) thi ti€p tuyén cé do doc am.
Vi du minh hoa:
e Vi du 1: Tinh dao ham clia ham s6 y = -2cos(x).
Loi gidi: y' = (-2cos x)' = -2 * (cos x)'= -2 * (-sin x) = 2sin x.

e Vi du 2: Tinh dao ham clia ham s6 y = x*cos(x).
Loi gidi: Ap dung quy tadc dao ham cla mét tich (u*v)' = u'v + uv', véi u = x
va v = cos(x).

y' = (X)"*cos(x) + x*(cos x)' =1*cos(x) + x*(-sin x) = cos(x) - xsin(x).
3. Pao ham cia ham so y = tan(x)
Cong thuc: (tan x)' = 1 / cos?(x) = 1 + tan?(x)

Gidi thich: Cong thiic nay dugc suy ra tr quy tac dao ham cdia mot thuong (tan
X = sin X / cos x). Ham so tan(x) khéng xac dinh khi cos(x) = 0, do d6 dao ham

cla no cling khéng xac dinh tai cadc diém x = /2 + kn (k € 2).
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Vi du minh hoa:
e Vi du 1: Tinh dao ham clla ham s6 y = tan(x) - 3x.
Loi gidi: y' = (tan x)' - (3x)"' = 1/cos?(x) - 3.
e Vi du 2: Tinh dao ham clla ham s6 y = 5tan(x).
Loi gidi: y' = (5tan x)' = 5 * (tan x)' = 5/cos?(x).
4. Pao ham ciia ham sé y = cot(x)
Cong thuc: (cot x)' = -1 / sin?(x) = -(1 + cot?(x))
Giai thich: Tuong tu nhu tan(x), céng thirc nay dugc suy ra tir quy tac dao ham
cla mot thuong (cot x = cos x / sin x). Ham sé cot(x) khéng xac dinh khi sin(x)
= 0, do d6 dao ham cla né cling khong xac dinh tai cac diém x = kmn (k € Z).
Vi du minh hoa:
e Vi du 1: Tinh dao ham clia ham's6 y = x + cot(x).
Loi gidi: y' = (x)' + (cot x)' = 1 - 1/sin?(x).
e Vi du 2: Tinh dao ham clia ham so y = sin(x)*cot(x).
Loi giai: Trudc tién, ta rdt gonham sé: y = sin(x) * (cos x / sin x) = cos(x) (v&i
diéu kién sin x = 0).

Vay y' = (cos x)' = -sin Xx.
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5. Bang téng hop dao ham luong gidc co ban

Ham sé (y) Pao ham (y') Piéu kién
y = sin(x) y' = cos(x) V&i moi x € R
y = cos(x) y' = -sin(x) Vi moi x € R
y = tan(x) y' = 1/cos?(x) X#m2+km, k€ Z
y = cot(x) y' = -1/sin?(x) xzkm k€ Z

6. Pao ham cta ham sé lugng giac hop y = f(u(x))

Khi tinh dao ham cla ham sé lugng gidc ma bién sé bén trong khong phai la x
ma la mot bi€u thidc cda x (ky hiéu la u = u(x)), ta dp dung quy tac chudi (chain
rule): (f(u))' = u' * f'(u).

a. Pao ham cua ham sé y = sin(u)

Cong thuc: (sin u)' = u' * cos u

Giai thich: Ta l1dy dao ham cua bi€u thic u theo x (tdc la u'), réi nhan véi dao

ham cla ham sin theo bién u (tdc la cos u).

e Vidu 1: Tinh dao ham cua y = sin(2x+1).
Loi gidi: Dat u = 2x+1 = u' = 2. Ap dung cdng thuc, ta cé:
y' = (2x+1)"' * cos(2x+1) = 2cos(2x+1).

e Vi du 2: Tinh dao ham clda y = sin(x3).
Loi gidi: BPat u = x3 = u' = 3x2. Ap dung cdng thuc, ta cé:

y' = (x3)' * cos(x3) = 3x2cos(x3).
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b. Pao ham ciia ham sé y = cos(u)
Cong thuc: (cos u)' = -u' *sin u
e Vi du 1: Tinh dao ham cla y = cos(5x).

Loi gidi: BPat u = 5x = u' = 5. Ap dung céng thuc, ta cé:

y' = -(5x)" * sin(5x) = -5sin(5x).

e Vi du 2: Tinh dao ham cla y = cos(Vx).
Loi gidi: BPat u = Vx = u' = 1/(2vx). Ap dung cdng thuc, ta cé:
y' = -(VX)' * sin(Vx) = -[1/(2Vx)] * sin(Vx).

c. Pao ham cia ham sé y = tan(u)

Cong thuc: (tan u)' = u' / cos?(u)

e Vidu 1: Tinh dao ham cua y = tan(x? - x).
Loi gidi: Dat u = x2 - x = u' = 2x - 1. Ap dung cbng thic, ta cé:
y' = (2x - 1) / cos?(x? - x).

d. Pao ham cia ham sé y = cot(u)

Cong thuc: (cot u)' = -u' / sin?(u)

e Vi du 1: Tinh dao ham cua y = cot(1/x).

Loi gidi: Patu = 1/x = u' = -1/x2. Ap dung cong thuec, ta co:

y' = -(-1/x2) / sin2(1/x) = 1/ (x2sin2(1/x)).
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7. Bang téng hop dao ham luong giac hop

Ham so (y) Pao ham (y')

y = sin(u) y' = u' * cos(u)
y = cos(u) y' = -u' *sin(u)
y = tan(u) y' = u'/ cos?(u)
y = cot(u) y' = -u'/sin?(u)

Il. Pao ham cap hai

Dao ham cap hai md rong khai niém dao ham, cho phép ching ta nghién cGu

sau hon vé su bién thién ctia ham s6 va c6 nhiéu (ng dung trong vat ly.
1. Pinh nghia

Gid st ham so f(x) c6 dao ham f'(x). Néu ham s6 f'(x) lai c6 dao ham tai x thi ta

goi dao ham cua f'(x) la dao ham cap hai ciia ham so f(x).
Ky hiéu: y'" hoac f'(x).
Cong thuc: f''(x) = (f'(x))"

Giai thich: Dao ham cap hai cta mdt ham sé chinh la dao ham cla dao ham
cap moét ctia nd. N6 do luong toc dd thay doi cha téc dd thay doi cia ham s6

ban dau.
2. Cach tinh dao ham cap hai

DE& tinh dao ham cap hai ciia ham sé y = f(x), ta thuc hién theo cac budc sau:
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1. Budc 1: Tinh dao ham cdp moét y' = f'(x) theo céc quy tac da hoc.

2. Budc 2: Tinh dao ham cla két qua vira tim duoc, tic la tinh y'' = (y')'. Két

qud cudi cung chinh la dao ham cép hai can tim.
Vi du minh hoa:

e Vi du 1: Tim dao ham cap hai cia ham sdé y = x4 - 3x2 + 5x - 1.
Loi gidi:
Budc 1: Tinh dao ham cap mot.
y'=(x*-3x2+5x-1)"'=4x3-6x + 5.
Budc 2: Tinh dao ham cua y'.
y" = (y')' = (4x3 - 6x + 5)' = 12x2 - 6.

Vay, dao ham cap hai cia ham so la y" = 12x2 - 6.

e Vi du 2: Tim dao ham cap hai cia ham s y = sin(2x).
Loi gidi:
Budc 1: Tinh dao ham cap mot.
bay la ham hogp sin(u) véi u = 2x, nén u' = 2.
y' = (sin(2x))' = u' * cos(u) = 2cos(2x).
Budc 2: Tinh dao ham cua y'.
y'' = (2cos(2x))' = 2 * (cos(2x))".
Tiép tuc ap dung cong thic dao ham ham hgp cos(u) véi u = 2x, u' = 2.
y' =2 * (-u' *sin(u)) = 2 * (-2 * sin(2x)) = -4sin(2x).

Vay, dao ham cép hai cia ham sé la y"' = -4sin(2x).
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3. Y nghia co hoc cia dao ham cap hai
Trong vat ly, dac biét la trong chuy&n ddng thang, dao ham cap hai c6 y nghia
rat quan trong.
e Cho moét vat chuyén dong cé phuong trinh quang duong theo thoi gian la s =
s(t).
e Van toc tic thoi cla vat tai thoi diém t la v(t) = s'(t) (dao ham cap mot cla
gquang duong).
e Gia toc tic thoi cla vat tai thoi diém t la a(t) = v'(t) = s''(t) (dao ham cap
mot cla van toc, hay dao ham cap hai cla quang dudng).
Nhu vay, dao ham cép hai cia ham s6 quang dudng theo thoi gian bi€u thi gia
toc tlc thoi cha chuyén dong.
Vi du minh hoa:

Vi du: Mot chat diém chuyén dong theo phuong trinh s(t) = 2t3 - 9t2 + 12t + 1,
trong dé t tinh bang gidy (s) va s tinh bang mét (m). Tinh gia t6c cla chat diém

tai thoi diém t = 3s.
Loi giai:
Phuong trinh quang duong: s(t) = 2t3 - 9t2 + 12t + 1.

Van toc tic thoi cta chat diém la dao ham cap mot cda s(t):

v(t) =s'(t) = (23 -9t + 12t + 1)' = 6t2 - 18t + 12.
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Gia toc tdc thoi cla chat diém la dao ham cap hai cta s(t) (hoac dao ham cap
mot cla v(t)):

a(t) = v'(t) = s"(t) = (6t2- 18t + 12)' = 12t - 18.

Gia toc clia chat diém tai thoi diém t = 3s la:

a(3) =12(3)-18 =36-18 = 18 (m/s?).
Vay, gia toc cla chat diém tai t = 3s la 18 m/s2.
4. Pao ham cap cao

Ngoai dao ham cap hai, ta cé thé maé rong khai niém nay cho cac cap cao hon

(cap 3, cap 4, ..., cap n).

Pinh nghia: Cho ham s6 y = f(x) c6 dao ham dén cap (n-1), ky hiéu la y"-D,
Néu dao ham cép (n-1) nay c6é dao ham thi dao ham cla né dugc goi la dao

ham cap n cla f(x).

Ky hiéu: y™ hoac f™(x).

Cong thuc: y™ = (yn-1)'

Vi du minh hoa:

Vi du: Tim dao ham cap 3 clia ham sé y = sin(x).
Loi gidi:

e Dao ham cap 1: y' = (sin x)' = cos X.

e Dao ham cap 2: y" = (y')' = (cos x)' = -sin X.

e Dao ham cap 3: y'"" = (y")' = (-sin x)' = -cos X.
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Vay, dao ham cép 3 ciia ham sé 1a y""' = -cos x.

IlIl. Tong két

Chuyén dé nay da hé thong hda toan bo kién thirc cot 16i vé dao ham clia ham
sO lugng gidc va dao ham cap hai. Viéc ghi nhé cac cong thic co ban, hiéu ro
quy tac dao ham ham hgp va y nghia vat ly cia dao ham cap hai sé gitip hoc
sinh tu tin gidi quyét cac bai tap lién quan va tao nén tang viing chac cho céc

chuong sau.
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