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Tong hop kién thuc: Ung dung tich phan tinh dién
tich hinh phang va thé tich vat thé tron xoay

Tich phan khoéng chi la moét cdéng cu tinh toan triu tugng ma con cé nhiéu Gng
dung thuc té quan trong trong hinh hoc. Chuong nay tap trung vao hai Ung
dung chinh: tinh dién tich cta céc hinh phang phtec tap va tinh thé tich cta cac
vat thé dugc tao ra bang cach quay mét hinh phang quanh mét truc.
I. Ung dung tich phan dé tinh dién tich hinh phang

Nguyén tac co ban la chia hinh phang thanh v6 s6 cac hinh chlr nhat nhé cé

dién tich f(x)dx roitinh téng cac dién tich dé thong qua phép toan tich phan.

1. Hinh phang giéi han béi do thi ham sé y = f(x), truc hoanh (y=0) va

hai duong thang x = a, x=b
Coéng thurc tong quat:

Dién tich S cta hinh phang dugc gii han bdi dé thi ham s6 y = f(x) lién tuc
trén doan [a, b], truc hoanh va hai dudng thang x = a, x = b dugc tinh bai

cdng thuc:
S = [_PJf(x)| dx
Giai thich:

e Dau gid tri tuyét déi |f(x)| dam bao dién tich luon la mét gia tri khong am.
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e Néu f(x) ? 0 trén doan [a, b], cong thirc trg thanh: S = fab f(x) dx.

e Néu f(x) ? 0 trén doan [a, b], cOng thic tréd thanh: S = j‘ab -f(x) dx.

e Néu ham s f(x) daoidau tai diém c thudc (a, b), ta can chia tich phan: S
= [, [f(x)] dx + [ _P |f(x)] dx.

Vi du minh hoa:

1. Vi du 1: Tinh dién tich hinh phang gidi han bdi d6 thi ham s6 y = x2 , truc
hoanh, va hai dudng thang x = 1, x = 2.
Giai:
Trén doan [1, 2], hams6 y = x2 ? 0. Do dé:

S = [.2 x2 dx = [x3/3] |12 = (23/3) - (13/3)'= 8/3 - 1/3 = 7/3 (dvdt).

1
2. Vi du 2: Tinh dién tich hinh phang gi6i han bgi dé thi hamsé y = x3 - x

va truc hoanh.

Gidi:

Pau tién, ta tim giao diém cla doé thi vai truc hoanh bang cach gidi phuong

trinh x3 - x =0 & x(x2 - 1) =0 ex=0,x=1,x=-1.

Ta can tinh dién tich trén hai khoang [-1, 0] va [0, 1].

Trén[-1,0], x3 - x 2 0.Trén [0, 1], x3 - x ?2 0.

S =J R - x| dx = [0 (- x) dx + [, -6 - x) dx

S = [x44 - x2/2] | ;° + [-x¥/4 + x2/2] | ,*

S=(0-(1/4-1/2)) + ((-1/4 + 1/2) - 0) = 1/4 + 1/4 = 1/2 (dvdt).
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2. Hinh phang giéi han béi hai dé thi ham sé y = f(x), y = g(x) va hai

duong thangx=a,x=b

Coéng thuc tong quat:

Dién tich S cla hinh phang dugc gidi han bdi d6 thi hai hamsé y = f(x) va y
= g(x) lién tuc trén doan [a, b], va hai dudng thang x = a, x = b duoc tinh
bdi cong thuc:

S =[P If(x) - g(x)] dx

Giai thich:

e COng thic nay la dién tich cda "mién" nam gilta hai duong cong.

e DE bd dau qgia tri tuyét doi, ta xét dau cda hiéu f(x) - g(x) trén doan [a,
b].

e Néu céc dudng thang x = a, x = b khong dugc cho trudc, chidng thudng la
hoanh d6 giao di€ém cula hai do thi. Ta phai gidi phuong trinh f(x) = g(x)

dé tim can tich phan.
Vi du minh hoa:

1. Vi du 1: Tinh dién tich hinh phang gi6i han bdi hai dé6thi y = x2 va y = x
+ 2.
Giai:
Tim hoanh dd giao di€m: x2 = x + 2 & x2 - x - 2 =0 ex=-1,x=2.

Vay can tich phanlaa=-1,b = 2.
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Trén doan [-1, 2], tacéd x + 2 ? x2 (c6 thé thi vdi x=0: 2 > 0). Do dd, | x2

- (x+2)] =x + 2 - x2.
S =2 (x+2-x2)dx =[x¥2 + 2x - x3/3] |_,?
S = ((22/2 + 2*2 - 23/3) - ((-1)*/2 + 2*(-1) - (-1)3/3))

S=((2+4-8/3)-(1/2-2 + 1/3) = (10/3) - (-7/6) = 20/6 + 7/6 = 27/6 = 9/2
(dvdt).

. Vi du 2: Tinh dién tich hinh phang gidi han bdi cdc dudng y = ?2x, y = X
- 2 va truc hoanh.

Giai:

Day la trudng hop phtc tap hon. Ta can vé do thi dé hinh dung.

Giaodiémcllay =2x vay =X - 2:?2Xx =X - 2 (VBix=2)e x = (x-
2)2 & X = X2 - 4Xx + 4 © X2 - 5x + 4 = 0 & x =1 (loai), x =4 (nhan).

Giao diém la (4, 2).
Giao di€ém vdi truc hoanh: ?2x = 0 ex=0. x - 2 = 0 & x = 2.
Hinh phang bi chia thanh hai phan béi duong thang x = 2.

Phan 1 (tr x = 0 dénx = 2): gidi han bdi y = ?x va truc hoanh. S: = 102 VX

dx = [2/3 * x32] | 2 = 4v2/3.

Phan 2.(t x = 2 dén x = 4): gi6i han bGi y = ?2x va y = x - 2.5 = [*
(VX - (x - 2)) dx = [2/3 * x3/2 - x2/2 + 2x] |,* = (16/3 - 8 + 8) - (4v2/3 - 2 + 4)

= 16/3 - 4V2/3 -2 =10/3 - 4V2/3.
T6ng dién tich S = S1 + S2 = 4v2/3 + 10/3 - 4V2/3 = 10/3 (dvdt).
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Il. Ung dung tich phan dé tinh thé tich vat thé tron xoay

Khi mot hinh phang quay quanh mét truc (thuong la Ox hodc Oy), nd sé tao ra
mot vat thé tron xoay. Tich phan gilp ching ta tinh thé tich cia vat thé nay

bang cach cong thé tich cta v s6 cac "lat cat" hinh dia hodc hinh vanh khan.
1. Vat thé tron xoay khi quay hinh phang (giéi han béi y = f(x), truc Ox,
X = a, X = b) quanh truc Ox

Cong thuc (Phuong phap dia - Disk Method):

Thé tich V clha vat thé tron xoay tao thanh khi quay hinh phang (H) giéi han bai
dothi y = f(x) ,trucOx, x = a, x = b quanh truc Ox dugc tinh bdi cong
thuc:
V= [_P[f(x)]? dx
Giai thich:
e MOi 14t cat vudng gdc véi truc Ox tai diém x la mét hinh dia cé ban kinh R =
[ F(x) ] .
e Dién tich matdiala ?R2 = ?[f(x)]2 .
e Thé tich clia lat cat moéng la dV = ?[f(x)]2 dx . Tich phan tlra dén b sé
cho ta téng thé tich,
Vi du minh hoa:

1. Vi du 1: Tinh thé tich khoi tron xoay tao thanh khi quay hinh phang gigi han

bdi dothi y = x2 ,trucOx, x = 0 va x = 1 quanh truc Ox.
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Gigi:
Ap dung c6ng thuc:
V=ml,t 022 dx =m [t x4 dx = mx3/5] |, = n(1/5 - 0) = /5 (dvtt).

2. Vi du 2: Tinh thé tich khoi tron xoay tao thanh khi quay hinh elip (x2/ a2)
+ (y2/b%2) = 1 quanh truc Ox.
Giai:
TU phuong trinh elip, ta c6 y2 = b2(1 - x2/a?) . Hinhelip cat truc Ox tai x
=-ava X = a.
V=n f_aa y2dx =T f_aa b2(1 - x2/a2) dx
V = nb? [x - x3/3a?] |_aa = nb? [(a - a3/3a?) - (-a - (-a)3/3a?)]

V =mnb?[(a-a/3)-(-a + a/3)] = nb?[2a/3 - (-2a/3)] = 4/3 nab? (dvtt).

2. Vat thé tron xoay khi quay hinh phang (giéi han béiy = f(x), y =

g(x), x = a, x = b) quanh truc Ox

Gid st trén [a, b], haitham s6 déu khong am va f(x) ? g(x) .
Cong thuc (Phuong phap vanh khan - Washer Method):
V =n [P ([f()1? - [9(x)]?) dx

Giai thich:

e Khi quay, moi lat cat sé la mét hinh vanh khan.

e Thé tich cla vat thé dugc tinh bang céch 1ay thé tich cla vat thé tao baéi

dudng cong ngoai y = f(x) tru dithé tich cla vat thé tao bdi dudng cong
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trong y = g(x) .
e Luuyquantrong: [f(x)]2 - [g(x)]2 ? [f(x) - g(x)]2.
Vi du minh hoa:
1. Vi du 1: Tinh thé tich vat thé tron xoay tao thanh khi quay hinh phang gidi
hanbdi y = x2 va y = x quanh truc Ox.
Giai:
Giao diém: x2 = x &x=0,x=1.Trén [0, 1],tacd x ? x2 .
Ap dung cong thitc véi f(x) = x va g(x) = x2 :
V=gt (x2-(x)?) dx =m [ (x2 - x4) dx

V =m1[x3/3-x>/5]| 1 = (1/3 - 1/5) = 2/15 (dvtt).
0

3. Vat thé tron xoay khi quay hinh phang (giéi han béi x = g(y), truc

Oy, vy = ¢,y = d) quanh truc Oy
Cong thuc:
Tuong tu nhu trugng hgp quay quanh truc Ox, nhung ta sé tich phan theo bién
y.
V=mnJg(y)] dy
Giai thich:
e Taxemxlahamciay: x = g(y) .

e Cac lat cat bay gio vudng goc véi truc Oy. Ban kinh cia méi diala R =

la(y) | -
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Vi du minh hoa:

1. Vi du 1: Tinh thé tich vat thé tron xoay tao thanh khi quay hinh phang gidi
han bdi dudng cong y = x2 (nhdnh x = 0), truc Oy va dudng thang y = 2
quanh truc Oy.

Giai:

Ty = x2 ,tasuyra x = 2?2y (vix=0).Vay g(y) = ?y.
Can tich phantheoy latirc =0dénd = 2.
V=n[,2(Wy?2dy=m/[,%ydy

V = m[y2/2] |02 = 11 (22/2 - 0) = 2m (dvtt).

I1l. BAng tém tat coéng thuc

Hinh phang giéi han béi Cong thuc
Tinhdien Y =fXhy=0x=ax=b S = [_P|f(x)] dx
tich y = f(X), y = g(x)’ X=a, X= b S = fab |f(X) _ g(X)l dx

Quay quanh Ox:y =f(x),y =0, x =
V=n fab [f(x)]? dx
a, Xx=>b

Tinh thé Quay quanh Ox:y =f(x),y =9(x),x V=n fab ([f(x)]? -
tich =a, x=b [g(x)]?) dx
Quay quanh Oy: x =g(y), x =0,y =

V=m/g(y)dy
c,y=d
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IV. Cac budc gidi bai toan ing dung tich phan

1. Budc 1: Xac dinh hinh phang (H). Vé phac thdo dé thi dé xac dinh hinh
phang can tinh dién tich hoac quay dé tinh thé tich. Diéu nay gilp xac dinh

dudng nao nam trén, duong nao nam dudi.

2. Budc 2: Xac dinh can tich phan. Tim hoanh dd (hoac tung dd) giao diém
cla cac duong cong bang cach giadi phuong trinh tuong ng. Day chinh la céc
can a, b (hoac ¢, d).

3. Budc 3: Lua chon cong thuc phu hgp. Dua vao yéu cau bai toan (tinh
dién tich hay thé tich, quay quanh truc nao) dé chon cbéng thirc ding.

4. Budc 4: Thiét 1ap va tinh tich phan. Thay cac ham sé va can vao cong
thic. Khir dau gia tri tuyét doi (doi véi dién tich) va thuc hién phép tinh tich

phan dé€ ra két qud cudi cung.
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