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I. Kién thuc nén tang can nhé

Trudc khi di vao cac dang toan cu thé, ching ta can 6n lai mét s6 kién thirc co

ban vé cuc tri clla ham so.
1. Pinh nghia di€m cuc tri
Cho ham s6 y = f(x) xac dinh va lién tuc trén khoang (a; b) va diém xo € (a; b).

e NE&u ton tai mot khodng (xo - h; xo + h) < (a; b) sao cho f(x) f(xo) v&i moi x €

(Xo - h; xo + h) \ {xo} thi ta néi ham so6 f(x) dat cuc dai tai xo.
e NE&u ton tai mot khodng (xo - h; Xo + h) < (a; b) sao cho f(x) > f(xo) v&i moi x
€ (Xo - h; xo + h) \ {xo} thi ta ndi ham sé f(x) dat cuc ti€u tai xo.
Piém cuc dai va diém cuc tiéu dugc goi chung la di€ém cuc tri.
2. Diéu kién da dé ham sé cé cuc tri
Pinh ly 1: Gid st ham sé y = f(x) c6 dao ham trén khoang (a; b) chra diém xo.

e Néu f'(x) doi dau tir duogng sang am khi x di qua Xo thi xo la mét diém cuc dai
clla ham so.

e Néu f'(x) doi dau tir &m sang duong khi x di qua Xo thi xo la mét diém cuc tiéu
clia-ham so.

Luu y: Diém cuc tri la diém ma tai d6 dao ham bang 0 hoac khéng xac dinh, va

dao ham phai déi dau khi di qua di€ém do.
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Il. Cac dang toan va phuong phap giai

Bai todn cuc tri ham s6 chlra dau gia tri tuyét doi thuong dugc chia thanh céc
dang co ban sau:

Dang 1: Tim so di€m cuc tri cia ham sé y = |f(x)|

a. Phuong phap khao sat truc tiép

Ta c6 thé pha dau gia tri tuyét doi:

{ f(x) khi f(x) = 0

y = |[f(x)] = { -f(x) khi f(x) O

Ti dé, ta tinh dao ham y' va lap badng bién thién dé tim cac diém cuc tri. Tuy

nhién, phuong phap nay thudng phtc tap va dai dong.

b. Phuong phap st dung doé thi (Phuong phap suy dé thi)
Pay la phuong phap truc quan va hiéu qua nhat.

1. Budc 1: Khao sat va vé dé thi (C) cia ham soy = f(x).

2. Budc 2: Suy ra do thi (C') cia ham so6 y = |f(x)| bang cach:
o Gilr nguyén phan dé thi (C) nam phia trén truc hoanh Ox (phan cé f(x) =

0).

o Lay doi xrng phan doé thi (C) nam phia dudi truc hoanh Ox qua truc Ox.

3. Buoc 3: PEm s6 diém "nhon" va cac diém cuc tri cl (dd nam trén Ox) trén

doé thi (C'). D6 chinh la s6 diém cuc tri cia ham so y = |f(x)].
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c. Cong thuc tinh nhanh

Cong thuc: S6 diém cuc tri cia ham s6 y = |f(x)| bang tong cta sé diém cuc tri
cla ham s6 y = f(x) va s6 nghiém don (hoac nghiém bdi 1é) cia phuong trinh

f(x) = 0.

S6 CDCT cua y=|f(x)| = (S6 CDCT cuia f(x)) + (S6 nghiém cua f(x)=0)
Vi du 1: Tim sé di€ém cuc tri clla ham s6y = |x3 - 3x + 1].

Giai:

Xét ham so f(x) = x3 - 3x + 1.

Budc 1: Tim sé diém cuc tri cua f(x).

f'(x) =3x?>-3.Chof(x) =0 3x?-3=0¢x=1 hoac x = -1.

f'(x) d6i dau khi di qua 2 diém nay, vay ham s6 f(x) cé 2 diém cuc tri.

Budc 2: Tim sé6 nghiém cua phuong trinh f(x) = 0.

Phuong trinh x3-3x + 1 =0. Ta cé f(1) = -1, f(-1) = 3. Vi f(1).f(-1) 0 nén phuong
trinh c6 nghiém trong khoédng (-1, 1). Bang cadch bam may tinh hoac khao sat,

ta thdy phuong trinh nay ¢é 3 nghiém phan biét.
Budc 3: Ap dung cong thturc.

SO diém cuc triclay = |x3 - 3x + 1| = (S6 diém cuc tri clda f(x)) + (S6 nghiém

cuaf(x) =0)=2+ 3 =5.

Vay ham so cé 5 diém cuc tri.
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Vi du 2: Cho ham sé y = f(x) cé bang bién thién nhu hinh vé. Tim s6é diém cuc

tri cia ham so g(x) = [f(x)].

-00 -1 1 + 0
+ 0 - 0 +
- 2 2 N -2 2 + o

Giai:

Dua vao bang bién thién:
e Ham so f(x) c6 2 diém cuc trij (tai x = -1 va x = 1).

e D& tim s6 nghiém cula f(x) = 0, ta ké duong thangy = 0 cat dé thj f(x). Dua
VAo cac gia tri cuc tri va gidi han, ta thay duong y = 0 sé cat do thij tai 3 diém

phan biét (mdét nghiém -1, mét nghiém:gilra -1 va 1, mot nghiém > 1).

Ap dung céng thirc, sé diém cuc tri cda g(x) = |f(x)| la: 2 + 3 = 5.

Dang 2: Tim so di€m cuc tri cia ham sé y = f(|x|)

Ham so y = f(|x]) la mot ham sé chan, do dé d6 thi cia né déi xing qua truc
tung Oy.

a. Phuong phap st dung doé thi

1. Budc 1: Khdo sat va vé do thj (C) cia ham s6 y = f(x).

2. Budc 2: Suy ra doé thi (C') cia ham s6 y = f(|x|) bang cach:

o Gilr nguyén phan doé thi (C) nam bén phai truc tung Oy (ing véi x = 0).
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o Bo di phan dé thi (C) nam bén trai truc tung Oy (&ng vaéi x 0).

o Lay do6i xirng phan do thi vira gilr lai ¢ bén phai qua truc tung Oy.

3. Buéc 3: Dém s6 diém cuc tri trén doé thi (C') vira thu dugc.
b. Cong thuc tinh nhanh

Cong thuc: Goi m la s6 diém cuc tri cé hoanh do duong (x > 0) cia ham sé y =

f(x). Khi d6, s6 diém cuc tri cia ham soy = f(|x|) a 2m + 1.

Giai thich: M6i diém cuc tri c6 hoanh d6é duong cua f(x) sé tao ra hai diém cuc
tri doi xng qua Oy cho ham f(|x|). Ngoai ra, diém x = 0 (giao diém véi truc Oy)
cling tré thanh mot diém cuc tri (cuc ti€u néu f'(0+) > 0 va cuc dai néu f'(0+) 0)

clUa ham f(|x]).

Vi du 3: Tim s6 diém cuc tri cia ham s0y = |x|3 - 3x2 + 2.

Giai:

Xét ham so f(x) = x3 - 3x2.+ 2.

Budc 1: Tim cac di€m cuc tri caa f(x).

f'(x) =3x2-6x.Chof'(x) =0 3x(x-2) =0 x =0 hoac x = 2.
Budc 2: Xac dinh sé diém cuc tri c6 hoanh dé duong.

Trong hai diém cuc tri x = 0 va x = 2, c6 mot diém cuc tri cé hoanh do duong la

Xx=2.Vaym = 1.

Buédc 3: Ap dung cdng thirc.
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S6 diém cuc tri cla hamséy = f(|x|) = |x]?-3(|x])2+ 2 1a: 2m + 1 =2*1 + 1 =

3.
Vay ham s6 cé 3 diém cuc tri.

Vi du 4: Cho ham s6 y = f(x) c6 dao ham f'(x) = x(x - 1)2(x + 2)3. Tim s6 diém

cuc tri cila ham sé y = f(|x|).

Giai:

Budc 1: Tim cac di€m cuc tri caa f(x).
ffix) =0ex=0,x=1, x=-2.

Ta xét sy dGi dau cua f'(x) qua cac nghiém:

e Tai x = 1, (x-1)2 la nghiém bdi chan nén f'(x) khoéng d6i dau. Do d6 x = 1

khéng phai la diém cuc tri.
e Tai x = 0, x la nghiém daon nén f'(x) déirldau. x = 0 la diém cuc tri.
e Tai x = -2, (x+2)3 la nghiém boi 1é nén f'(x) doi dau. x = -2 la diém cuc tri.
Vay f(x) c6 2 diém cuc trilax =0 va x = -2.
Budc 2: Xac dinh sé diém cuc tri c6 hoanh dé duong.

Trong cac diém cuc tri tim dugc, khong cé diém nao cd hoanh doé duong. Vay m

= 0.

Buédc 3: Ap dung coéng thiic.

S6 diém cuc tricta hamséy =f(|x|) la:2m + 1 =2*0 + 1 = 1.
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Dang 3: Cac dang toan két hop va bai toan chira tham sé

Céac bai todn nay thuong két hop hai dang trén hoac yéu cau bién luan sé diém

cuc tri theo tham sé m.

Vi du 5: Tim tat cad cac gia tri cia tham sO6 m dé hams6y = [x3-3x + m| c6 5

diém cuc tri.

Giai:

S6 diém cuc tri cta y = |f(x)| bang (s6 di€m cuc tri clda f(x)) + (s6 nghiém cla
f(x) = 0).

Xét ham so f(x) = x3 - 3x + m.

Ta c6 f'(x) = 3x% - 3. Cho f'(x) = 0 & x = 1. Ham s6 f(x) luén cé 2 di€m cuc tri
vGi moi m.

D& ham s6 y = |f(x)| cé 5 diém cuc tri, ta can:

5 = (S6 BCD cua f(x)) + (S6 nghiém cua f(x)=0)

5 =2 + (56 nghiém cua f(x)=0)

= Phuong trinh f(x) = x3 - 3x + m = 0 phai cé 3 nghiém phan biét.

Diéu nay tuong duong v4di phuong trinh x3 - 3x = -m ¢ 3 nghiém phan biét.
Xétham g(x) = x3-3x.Tacdg'(x) =3x2-3=0e x = *1,

Gia tri cuc dai: g(-1) = 2.

Gia tri cuc tiéu: g(1) = -2.
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P& dudng thang y = -m cat dé thj g(x) tai 3 diém phan biét thi gid tri cia -m

phai nam gilra gia tri cuc dai va cuc tiéu.

Tdcla: g(1l) -mg(-l)e-2-m2 e -2 m 2.

Vay véi -2 m 2 thi ham s6 da cho c6 5 diém cuc tri.
Dang 4: Tim so di€m cuc tri cia ham sé y = |f(|x|)|
Ta c6 thé thuc hién tuan tu:

1. Tim s6 diém cuc tri cila ham g(x) = f(|x|).

2. TUr do, tim s6 diém cuc tri cGa ham y = |g(x)| = [f(x])].
Vi du 6: Tim s6 diém cuc tri cia ham s6y = ||x|? - 3|x]].
Giai:

Dat h(x) = x3 - 3x. Ta can tim sé cuc tri cta y. = |h(|x])].
Budc 1: Tim cuc tri cua g(x) = h(|x]) = |x|? - 3|x]|.
Ham h(x) = x3-3xco h'(X) =3x2-3 =0 x = £1.
Ham h(x) c6 1 diém cuc tri duong la x = 1. Vay m = 1.

SO diém cuc tri cta g(x) = h(]x]) la 2m + 1 = 2*1 + 1 = 3. Ba diém cuc tri nay

lax=-1,x=0,x=1.
Budc 2: Tim cuc tri cua y = |g(x)| = |h(]x])]-
S6 cuc tri cla y = |g(x)| bang (s6 cuc tri cla g(x)) + (s6 nghiém caa g(x)=0).

e SO cuc tri cta g(x) la 3.

Vidocu.com - Chia sé tai liéu hoc tdp mién phi Trang 8/9



e SO nghiém clla g(x) = 0 & |x]? - 3|x| = 0 & |x]|(]x]?- 3) = 0.

e Ta co |X| = 0 (nghiém x=0) hoac |x| = V3 (nghiém x = £V3).

e Phuong trinh g(x) = 0 c6 3 nghiém phan biét.
Tuy nhién, mot trong cac diém cuc tri cia g(x) la x = 0, cling la m6t nghiém cua

g(x) = 0. Do do, diém nay khong tao thém diém cuc tri mdéi cho ham gié tri

tuyét doi.

Cu thé hon, tai x=0, g(0)=0. g(x) cé mot di€ém cuc dai tai x=0. Khi lay tri tuyét

doi, diém nay van la diém cuc dai.

Cac nghiém khac g(x) = 0 la x = V3. Tai hai diém nay, do thi g(x) cat truc Ox,

khi 18y tri tuyét doi sé tao ra 2 diém cuc tiéu (di€ém nhon).

Vay s6 diém cuc tri cta y = [g(x)| la: 3 (cuc tri cl) + 2 (cuc tri mgi tir nghiém

khac 0) = 5.
IIl. Bdng téng két phuong phap tinh nhanh

Cong thuc tinh nhanh sé

di€m cuc tri

a la s6 diém cuc tri cia ham so f(x).
y=|f(x)] a+b b |a s6 nghiém don (hoac bdi 1é) cta

phuong trinh f(x) = 0.

m la s6 diém cuc tri cé hoanh doé
y=f(|x]) 2m + 1
duong clia ham s6 f(x).
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